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explicit expression of the incremental law of Gent model is derived. A ﬁrst order algorithm is applied
for the numerical integration of the time-discretized equation of motion. Efﬁciency and accuracy of
the resulting method is illustrated on a two-dimensional static contact problem and a three-dimensional
dynamic contact problem as compared with ANSYS simulations.
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The analysis of contact problems with friction is of great impor-
tance in many engineering applications. The numerical treatment
of the unilateral contact with dry friction is certainly one of the
non-smooth mechanics topics for which many efforts have been
made in the past. In the literature, many attempts have been devel-
oped to deal with such problems using the ﬁnite element method,
these include the penalty function method (Chan and Tuba, 1971;
Parisch, 1989; Wriggers et al., 1990), the ﬂexibility method (Fran-
cavilla and Zienkiewicz, 1975), the mathematical programming
method (Klarbring and Björkman, 1988; Zhong and Sun, 1989;
Zhang et al., 1998; Kim and Kwak, 1996), the Lagrange multiplier
method (Chaudhary and Bathe, 1986) and the augmented Lagrang-
ian method (Simo and Laursen, 1992; Feng, 1995; de Saxcé and
Feng, 1998). A large number of algorithms for the modeling of con-
tact problems by the ﬁnite element method have been presented in
the literature. See for example the monographs by Kikuchi and
Oden (1988), Wriggers (2002), and the references therein. For dy-
namic implicit analysis in contact mechanics, Hughes et al.
(1976) have presented a modiﬁed Newmark scheme for a class of
contact-impact problems. The modiﬁcation is based on some con-
sideration of wave propagation results. Wriggers et al. (1990) have
developed a radial return mapping scheme to deal with impact-
contact problems. Laursen and Chawla (1997), Laursen and Love
(2002), Love and Laursen (2003) have considered dynamic impactll rights reserved.
x: +33 1 69 47 75 99.
.under the auspices of a conservative system and have proposed the
means to address the dynamic contact conditions so that they pre-
serve the global conservation properties.
The bi-potential method proposed by de Saxcé and Feng (1998)
has been successfully applied to the modeling of two-dimensional
small deformation impact problems (Feng et al., 2005). In the pres-
ent work, the intention is to present numerical investigations on
large deformation contact/impact problems between three-dimen-
sional hyperelatic bodies described by the Gent constitutive law
(Gent, 1996). Two numerical examples are performed in this study
to show the validity and robustness of the developed approach.2. Solution of contact problems
2.1. Contact kinematics
In the following, basic deﬁnitions and notations used are de-
scribed. Two deformable bodies Ba (Fig. 1), a = 1, 2, are considered.
Each of them occupies the open, simply connected, bounded do-
main Xa  R3, whose generic point is denoted Xa. Furthermore,
the solids are elastic and undergo large displacements. The bound-
ary Ca of each body is assumed to be sufﬁciently smooth every-
where such that an outward unit normal vector, denoted by na,
can be deﬁned at any point M on Ca. At each time t 2 I, where
I = [0,T] denotes the time interval corresponding to the loading
process, the boundary Ca of the body Ba can, in general, be split
into three parts: Cau with prescribed displacements u
a;Cat with pre-
scribed boundary loads t a, and the potential contact surfaces Cac
Fig. 1. Contact kinematics.
2216 Z.-Q. Feng et al. / International Journal of Solids and Structures 47 (2010) 2215–2222where the two bodiesB1 andB2 may possibly come into contact at
some time t:
Ca ¼ Cau [ Cat [ Cac : ð1Þ
The successive deformed conﬁgurations of Ba are described at each
time t by the displacement ﬁelds ua deﬁned on Xa (i.e. the closure of
Xa). On the contact surface, a unique normal n directed towards
B1ðn  n2Þ is deﬁned and the tangential plane, orthogonal to n in
R3, is denoted by T. To construct an orthonormal local basis, two
unit vectors tx and ty are deﬁned within the plane T. For describing
the frictional contact interactions that may occur on Cc, we intro-
duce the relative velocity with respect to B2
_u ¼ _u1  _u2; ð2Þ
where _u1 and _u2 are the instantaneous velocities of B1 and B2,
respectively. Let r be the contact force distribution exerted on B1
at M from B2. According to the action–reaction principle, B2 is sub-
jected to the stress vector r. In the local coordinate system deﬁned
by the tangential plane T and the normal n, any element _u and r
may be uniquely decomposed as
_u ¼ _ut þ _unn; _ut 2 T; _un 2 R; ð3Þ
r ¼ rt þ rnn; rt 2 T; rn 2 R: ð4Þ2.2. Contact law and friction rule
The unilateral contact law is characterized by a geometric con-
dition of non-penetration, a static condition of no-adhesion and a
mechanical complementary condition. These three conditions are
known as the Signorini conditions. The non-penetration condition
constraints the displacement ﬁelds ua and is given by
gðXÞ ¼ ðX1  X2Þ  nP 0; ð5Þ
where
XaðtÞ ¼ Xaðt ¼ 0Þ þ ua: ð6Þ
The position vector X2 is found as the closest-point projection of the
point X1 2 C1c on the surface C2c . Denoting by h the initial gap ob-
tained at the beginning of each time step.
h ¼ ðX1  X2Þ  nP 0 ð7Þ
the impenetrability Signorini conditions are given by
un þ hP 0; rn P 0; ðun þ hÞrn ¼ 0: ð8Þ
These conditions have to be satisﬁed at each time-instant t 2 I. As-
sume now that the bodies are initially in contact on a certain por-
tion of Cc. On this part of Cc, the Signorini conditions turn intoun P 0; rn P 0; un rn ¼ 0: ð9Þ
In general, at any time t 2 I, the potential contact surfaces Cac can be
split into two disjoint parts: þCc where the bodies are already in
contact and Cac where the bodies are not in contact:
Cac ¼ þCc [ Cac : ð10Þ
In contrast to Cac ;
þCc and C
a
c change in time t and can be empty at
some t 2 I. We must stress that with the formulation (9) only a loss
of contact is allowed and the extension of the contact area cannot
be modeled with these relations. In the case of dynamic analysis
such as impact problems, the Signorini conditions can be formu-
lated, on þCc , in terms of relative velocity
_un P 0; rn P 0; _un rn ¼ 0 on þCc: ð11Þ
When _un P 0, the bodies are separating while they remain in con-
tact for _un ¼ 0. The previous formulation of the Signorini conditions
(11) can be combined with the sliding rule to derive the complete
frictional contact law applicable on the contacting part of Cc. This
complete law speciﬁes possible velocities of bodies that satisfy
impenetrability, non-adhesion and the sliding rule. Obviously, for
a strictly positive gap (unP 0), the normal relative velocity is arbi-
trary ð _un 2 RÞ and the normal reaction force is equal to zero (rn = 0).
Motions of bodies that are not in contact are arbitrary until contact
is made. This choice is motivated by the fact that the emphasis is
put on the deﬁnition of admissible evolutions for contacting bodies
where the time-integration has to be performed. In the rest of the
paper, a ‘‘minus” sign will always precede the relative tangential
velocity _ut to emphasize its opposite direction to the friction force.
Classically, a rate independent dry friction law is characterized
by a kinematic slip rule. In this work, the classical Coulomb friction
rule is used. The set of admissible forces, denoted by the convex
Coulomb’s cone Kl, is deﬁned by
Kl ¼ r 2 R3 such that krtk  lrn 6 0
 
: ð12Þ2.3. Complete frictional contact law
We consider now the previous friction law embedding an
impenetrability condition for completeness. On the contact surface
Cc, the sliding rule can be combined with the rate form of the
Signorini conditions to obtain the frictional contact law that spec-
iﬁes possible scenarios on the contact area (stick, slip, separation).
The multivalued nature of this strongly non-linear law makes
problems involving frictional contact among the most difﬁcult
ones in solid mechanics. Two overlapped ‘‘if. . .then . . .else” state-
ments can be used to write it analytically:
if rn ¼ 0 then _unP 0 ! separating
elseif r 2 intKl then _un ¼ 0 and  _ut ¼ 0 ! sticking
else ðr 2 bd Kl and rn > 0Þ
_unP 0 and 9 _k> 0 such that  _ut ¼ _k rtkrtk
n o
! sliding
endif
ð13Þ
where ‘‘intKl” and ‘‘bdKl” denote the interior and the boundary of
Kl, respectively. The multivalued character of the law lies in the
ﬁrst and the second part of the statement. If rn is null then _u is arbi-
trary but its normal component _un should be positive. In other
words, one single element of R3ðr ¼ 0Þ is associated with an inﬁnite
number of velocity vectors _u 2 R3. The same arguments can be
developed for the second part of the statement. The inverse law,
i.e. the relationship rð _uÞ, can be written as:
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elseif _u ¼ 0 then r 2 Kl ! sticking
else ð _u 2 T f0gÞ
_un P 0 and rt ¼ lrn  _utk _utk
n o
! sliding
endif
ð14Þ
The complete form of the frictional contact law involves three
possible states, which are separating, contact with sticking, and
contact with sliding. Only the last state produces energy
dissipation.
2.4. The bi-potential method
de Saxcé and Feng (1998) have shown that the contact law (13)
is equivalent to the following differential inclusion:
 _ut þ ð _un þ lk  _utkÞnð Þ 2 @
[
Kl
r; ð15Þ
where
S
Klr denotes the indicator function:[
Kl
r ¼ 0 if r 2 Kl;þ1 otherwise:

ð16Þ
The following contact bi-potential is obtained:
bcð _u; rÞ ¼
[
R
ð _unÞ þ
[
Kl
ðrÞ þ lrnk  _utk; ð17Þ
where R ¼ 1; 0 is the set of the negative and null real
numbers.
In order to avoid nondifferentiable potentials that occur in non-
linear mechanics, such as in contact problems, it is convenient to
use the Augmented Lagrangian Method (Simo and Laursen, 1992;
de Saxcé and Feng, 1998). For the contact bi-potential bc, given
by (17), provided that _un P 0 and r 2 Kl, we have:
8r0 2 Kl; .lðr0n  rnÞk  _utk þ r0  ðr . _uÞð Þ  ðr0  rÞP 0; ð18Þ
where . is a solution parameter which is not user-deﬁned. In order
to ensure numerical convergence, . can be chosen as the maximum
value of the diagonal terms of the local contact stiffness matrix.
Taking account of the decomposition (3) and (4), the following
inequality has to be satisﬁed:
r0 2 Kl; ðr sÞ  ðr0  rÞP 0; ð19Þ
where the modiﬁed augmented surface traction s is deﬁned by
s ¼ r . _ut þ ð _un þ lk  _utkÞnð Þ: ð20Þ
The inequality (19) means that r is the projection of s onto the
closed convex Coulomb’s cone:
r ¼ projðs;KlÞ: ð21Þ
For the numerical solution of the implicit Eq. (21), Uzawa’s algo-
rithm can be used, which leads to an iterative process involving
one predictor–corrector step:
Predictor siþ1 ¼ ri  .i _uit þ ð _uin þ lk  _uitkÞn
 
;
Corrector riþ1 ¼ projðsiþ1;KlÞ:
ð22Þ
It is worth noting that, in this algorithm, the unilateral contact and
the friction are coupled via the bi-potential. Another gist of the bi-
potential method is that the corrector can be analytically found
with respect to the three possible contact statuses: s  Kl (contact
with sticking), s  Kl (no contact) and s  R3  Kl
S
Kl (contact
with sliding). Kl is the polar cone of Kl. This corrector step is explic-
itly given as follows:if ljsiþ1t j < siþ1n then riþ1 ¼ 0 ! separating;
elseif jsiþ1t j < lsiþ1n then riþ1 ¼ siþ1 ! sticking;
else riþ1 ¼ siþ1  ðksiþ1t klsiþ1n Þð1þl2Þ
siþ1t
ksiþ1t k
þ ln
 
! sliding:
ð23Þ
It is important to emphasize the fact that this explicit formula is va-
lid for both 2D and 3D contact problems with Coulomb’s friction
and allows us to obtain very stable and accurate results. It is noted
that the projection operation (Eq. (21)) can also be achieved by
means of the iterative Newton method (Joli and Feng, 2008).
3. Hyperelastic bodies and the Gent model
Rubber-like materials are usually taken to be hyperelastic and
often undergo large deformations. In order to describe the geomet-
rical transformation problems, the deformation gradient tensor is
introduced by
F ¼ Iþru ¼ Iþ @u
@X
; ð24Þ
where I is the unity tensor, X the initial position vector and u the
displacement vector. The constraint of incompressibility (isochoric
deformation) is given by Ogden (1984)
J ¼ detðFÞ ¼ 1: ð25Þ
Because of large displacements and rotations, Green–Lagrangian
strain is adopted for the non-linear relationships between strains
and displacements. We note C the stretch tensor or the right Cau-
chy–Green strain tensor (C = FTF). The Green–Lagrangian strain ten-
sor E is deﬁned by
E ¼ 1
2
ðC IÞ: ð26Þ
In the case of hyperelastic law, there exists an elastic potential func-
tion W (or strain-energy density function) which is a scale function
of one of the strain tensors, whose derivative with respect to a
strain component determines the corresponding stress component.
This can be expressed by
S ¼ @W
@E
¼ 2 @W
@C
; ð27Þ
where S is the second Piola–Kirchoff stress tensor. In the particular
case of isotropic hyperelasticity (Ciarlet, 1985), Eq. (27) can be writ-
ten by
S ¼ 2 I3 @W
@I3
C1 þ @W
@I1
þ I1 @W
@I2
 
I @W
@I2
C
	 

; ð28Þ
where Ii (i = 1, 2, 3) denote the invariants of the right Cauchy–Green
deformation tensor C:
I1 ¼ trðCÞ; I2 ¼ ðI21  C : CÞ=2; I3 ¼ detðCÞ: ð29Þ
The Gent constitutive law is used to model incompressible rubbers
(Gent, 1996). The strain-energy density function is given as follows:
WðI1Þ ¼ l2 Jm ln 1
I1  3
Jm
 
; ð30Þ
where l is the shear modulus and Jm is the constant limiting value
for I1  3. It is noted that for Jm?1, we recover the well-known
neo-Hookean strain-energy density
WðI1Þ ¼ l2 ðI1  3Þ: ð31Þ
The Gent model can be extended to account for the compressibility
of the material. A simple and customary way is to append a bulk
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Saccomandi (2003) proposed the following expression
WHðJÞ ¼ 1d
J2  1
2
 ln J
 !
; ð32Þ
where d is the material incompressibility parameter. The initial bulk
modulus K is deﬁned as: K = 2/d. Some other models can be found in
(Horgan and Saccomandi, 2004, 2006). For numerical purpose, it
proves useful to separate deformation in volumetric and isochoric
parts by a multiplicative split of a deformation gradient as in (Flory,
1961)
F ¼ FisoFvol; ð33Þ
where
Fvol ¼ J1=3I; Fiso ¼ J1=3F: ð34Þ
This decomposition is such that det (Fiso) = 1. It is easy to see that F
and Fiso have the same eigenvectors. The isochoric part of the right
Cauchy–Green strain tensor C can be then deﬁned as
Ciso ¼ J2=3C: ð35Þ
The ﬁrst strain invariant of Ciso is deﬁned by I1 ¼ J2=3I1 which re-
places I1 in W(I1). Finally, we consider the following strain-energy
density
WðI1; JÞ ¼ 
l
2
Jm ln 1
I1  3
Jm
 
þ 1
d
J2  1
2
 ln J
 !
: ð36Þ
By applying Eqs. (28)–(36), we obtain
S ¼ lJmJ
2=3
Jm  I1 þ 3
I I1
3
C1
 
þ 1
d
J2  1
2
 !
C1: ð37Þ
The Cauchy stress (or true stress) tensor ± br can be calculated from
the second Piola–Kirchoff stress tensor S as follows:
r ¼ 1
J
FSFT : ð38Þ4. Finite element formulation
In the case of dynamic multibody contact problems involving
large deformations of hyperelastic solids, the non-linear relation
between strains and displacements cannot be ignored. The total
Lagrangian formulation was selected in this work to describe
non-linear behavior. In the context of the ﬁnite element method
and with Eqs. (24) and (26), the Green–Lagrangian strain can be
formally written with linear and non-linear terms in function of
nodal displacements (Simo and Hughes, 1998):
E ¼ BL þ 12BNLðuÞ
 
u; ð39Þ
where BL is the matrix which relates the linear strain term to the
nodal displacements, and BNL(u), the matrix which relates the
non-linear strain term to the nodal displacements. From Eq. (39),
the incremental form of the strain–displacement relationship is
dE ¼ ðBL þ BNLðuÞÞdu: ð40Þ
Using the principle of virtual displacement, the virtual work equa-
tion is given as
M€uduþ
Z
V0
SdEdV  Fext du Rdu ¼ 0; ð41Þ
where V0 is the volume of the initial conﬁguration, Fext the vector of
external loads, R the contact reaction vector,M the mass matrix and
€u the acceleration vector.For each contact node i, the contact reaction vector in the global
frame is determined by a standard mapping matrix H from the lo-
cal frame to the global frame:
Ri ¼ Hiri; ð42Þ
where r is obtained with the solution algorithm as described in Sec-
tion 2.
In order to construct the tangent stiffness matrix for the analy-
sis of dynamic contact by the ﬁnite element method, it is necessary
to determine the stress–strain tangent operator D for the Gent law.
From Eqs. (37) and (40), we obtain the following constitutive law
dS ¼ D : dE ¼ D : BL þ BNLðuÞð Þdu: ð43Þ
This fourth-order tensor D is obtained from the derivative of S with
respect to E in Eq. (37):
D ¼ a I I1
3
C1
 
 I I1
3
C1
 
 b C1  Iþ ð1þ I1
3
ÞI C1  I1@C
@C
1 !
þ 2
d
J2C1  C1 þ ðJ2  1Þ@C
@C
1 !
ð44Þ
with
a ¼ 2lJmJ
4=3
ðJm  I1 þ 3Þ2
; b ¼ 2lJmJ
2=3
3ðJm  I1 þ 3Þ
: ð45Þ
Substituting dE from Eq. (40) into Eq. (41) results in
M€uduþ Fintdu Fext du Rdu ¼ 0: ð46Þ
The vector of internal forces is deﬁned by
Fint ¼
Z
V0
ðBL þ BNLðuÞÞTSdV : ð47Þ
Since du is arbitrary, a set of non-linear equations can be obtained
as
M €u ¼ Fþ R; where F ¼ Fext  Fint ð48Þ
with the initial conditions at t = 0
_u ¼ _u0 and u ¼ u0: ð49Þ5. Time integration scheme
We can now integrate Eq. (48) between consecutive time con-
ﬁguration t and t + Dt. The most common method to do that is
the Newmark method which is a second order algorithm. However,
in impact problems, higher order approximation does not neces-
sarily mean better accuracy, and may even be superﬂuous. At the
moment of a sudden change of contact conditions (impact, release
of contact), the velocity and acceleration are not continuous, and
excessive regularity constraints may lead to serious errors. For this
reason, a ﬁrst order algorithm is used in this work. This algorithm
is based on the following approximations:Z tþDt
t
Md _u ¼M _utþDt  _ut ; ð50Þ
Z tþDt
t
Fdt ¼ Dt ð1 nÞFt þ nFtþDt
 
; ð51Þ
Z tþDt
t
Rdt ¼ DtRtþDt ; ð52Þ
utþDt  ut ¼ Dt ð1 hÞ _ut þ h _utþDt ; ð53Þ
where 0 6 n 6 1 and 0 6 h 6 1. In the iterative solution procedure,
all the values at time t + Dt are replaced by the values of the current
Fig. 2. Contact between a 2D hyperelastic slab and a rigid plate (h = 40 mm).
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Fi+1 gives
Fiþ1 ¼ Fiint þ
@F
@u
ðuiþ1  uiÞ ¼ Fiint  KiDu; ð54Þ
where K ¼ @Fint
@u is the tangent stiffness matrix. Finally, we obtain the
recursive form of Eq. (48) in terms of displacements:
KiDu ¼ Fi þ Fiacc þ Riþ1;
uiþ1 ¼ ui þ Du;
ð55Þ
where the so-called effective terms are given by
Ki ¼ nKi þ 1
hDt2
Mi; ð56Þ
Fiacc ¼ 
1
hDt2
Mi ui  ut  Dt _ut ; ð57Þ
Fi ¼ ð1 nÞ Ftint þ Ftext
 þ n Fiint þ FtþDtext : ð58Þ
At the end of each time step, the velocity is updated by
_utþDt ¼ 1 1
h
 
_ut þ 1
hDt
ðutþDt  utÞ: ð59Þ
Eq. (55) is strongly non-linear, because large rotations and large
deformations are involved. Besides, in multibody contact/impact
problems, unilateral contact and friction, characterized by inequal-
ities, are non-smooth phenomena. To solve this equation instead of
considering all non-linearities at the same time, Feng (1995) pro-
posed a strategy which consists in separating the non-linearities
so as to overcome the complexity of calculation and to improve
the numerical stability. As Du and R are both unknown, Eq. (55)
cannot be directly solved. First, the vector R is determined by the
bi-potential method as described in Section 2. Then, the vector
Du can be computed in the whole structure, using contact reactions
as external loading. The reader can refer to (de Saxcé and Feng,
1998; Joli and Feng, 2008) for more details on the solution method.
6. Numerical results
A ﬁnite element program FER/Impact is developed based on the
algorithm described above. To illustrate the results of the contact/
impact simulation using this program, we consider here two
numerical examples.
6.1. Frictional contact between a 2D hyperelastic slab and a rigid plate
This example is often studied in case of linear elastic model for
validation of computer codes (Feng, 1998). It is an elastic slab
pressed (f = 5 MPa) and pushed (F = 10 MPa) on a rigid plate with
a given friction coefﬁcient (l = 0.5) as shown in Fig. 2.
This example is of interest because we can have at the same
time three different contact areas: non-contact area AB, sliding
area BC and sticking area CD. Here, we replace the linear elastic
model by the non-linear Gent model. Because of symmetry, only
half of the slab is modeled by 561 nodes and 512 linear quadrilat-
eral plane strain elements. The material constants of the Gent
model are: l = 30, Jm = 10, d = 0.001. As a comparison, we use
FER/Impact and the general-purpose ﬁnite element program
ANSYS for analysis of the same problem. Fig. 3 shows the initial
and deformed shapes (with an ampliﬁcation factor 10). The iso-
values represent the distribution of von Mises stress. Is is noted
that the contact solution of ANSYS depends on the many user-de-
ﬁned factors such as the normal and tangent penalty stiffness (Kn,
Kt), the penetration tolerance, the pinball region, etc. In FER/Im-
pact, no factors are required. In addition, the bi-potential method
allows us to obtain very stable and accurate results. This can beseen from Fig. 4, in which the displacements of the initial contact
nodes are plotted. It demonstrates that our approach allows to sep-
arate clearly the sliding zone (Ux > 0) and sticking zone (Ux = 0) and
to satisfy accurately the contact impenetrability condition (Uy = 0),
but it is not the case with ANSYS. Moreover, as we can see from
Fig. 4 that the penetration decreases while the normal penalty
stiffness (Kn) increases. But for the present example, the solution
diverges with Kn = 1000. These results show the robustness and
accuracy of the proposed method.
6.2. Impact between two 3D hyperelastic blocks
The problem consists of two three-dimensional hyperelastic
blocks (Fig. 5) that impact with relative tangential motion. Normal-
ized units are used in this example. The base of the larger block is
ﬁxed, and the smaller block has an initial rigid-body velocity of
{0.0, 1.5,1.0} that initiates a glancing impact. The larger block ini-
tially occupies the cubic space deﬁned by diagonal corner points
{0, 0, 0} and {2.0, 2.0, 1.0} and the smaller block is similarly deﬁned
by points {0.5, 0.0, 1.25} and {1.5, 1.0, 2.25}. The density is 0.1. The
material constants of the Gent model are: l = 3, Jm = 42, d = 0.1. The
total simulation time is 1 scaled time unit and the numerical
parameters are: Dt = 102, n = h = 0.5. To investigate the frictional
effects on the energy dissipation, different coefﬁcients of Coulomb
friction are used: l = 0.0 (frictionless), 0.4, 0.8.
Fig. 6 shows the initial and deformed shapes at time t = 0.5 with
the friction coefﬁcient l = 0.4. The isocontours represent the
distribution of the von-Mises stress inside the blocks (the maxi-
mum value is 2.12 unit of stress). Similarly, Fig. 7 shows the case
with l = 0.8. The maximum value of the von-Mises stress is 3.31
unit of stress. These plots highlight the impact of the friction coef-
ﬁcient on the stress level and relative slips. The case with l = 0.4
corresponds a sliding contact status while the case with l = 0.8
corresponds almost a sticking contact status.
Fig. 8 shows the evolution of von Mises stress (l = 0.4) at three
particular points A, C and D (see Fig. 5). It is interesting to note that
the appearance of stress at the points C and D is about 0.05 time
unit late as compared to the point A. This can be explained by
the fact that the stress takes time to propagate in the material.
Figs. 9–11 show respectively the plots of the kinetic energy Ek,
the elastic strain energy Ee and the total energy Et as a function
of time. We observe that the total energy is quite well conserved
in the case of frictionless contact (Fig. 11). However, in the case
of frictional contact, the total energy decreases. So the total energy
is dissipated by frictional effects as expected. It is worth mention-
ing that the dissipated energy is quantitatively determined.
It is also interesting to examine another question: is the dissi-
pated energy proportional to the friction coefﬁcient? The answer
is negative according to numerical results. The proof is illustrated
in Fig. 11 where we observe that the dissipated energy is less for
l = 0.8 than for l = 0.4. In fact, when the friction coefﬁcient
Fig. 3. Deformation and von Mises stress (left: FER/Impact, right: ANSYS).
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Fig. 4. Displacements of contact nodes.
Fig. 5. Initial conﬁgurations and meshes.
Fig. 6. Deformed shape and von-Mises stress (l = 0.4, t = 0.5).
2220 Z.-Q. Feng et al. / International Journal of Solids and Structures 47 (2010) 2215–2222increases, the friction forces increase too. However, the tangential
slips decreases. We know that the dissipated energy depends not
only on the friction forces but also on the tangential slips on the
contact surface.For the purpose of comparison, we consider the case of l = 0.4
and we apply the Newmark integration method which is imple-
mented in the general-purpose ﬁnite element program ANSYS.
Fig. 7. Deformed shape and von-Mises stress (l = 0.8, t = 0.5).
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Fig. 8. von-Mises stress at different points (l = 0.4).
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Fig. 9. Kinetic energy with different l.
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Fig. 10. Strain energy with different l.
 0.11
 0.12
 0.13
 0.14
 0.15
 0.16
 0.17
 0  0.1  0.2  0.3  0.4  0.5  0.6  0.7  0.8  0.9  1
To
ta
l e
ne
rg
y
Time
0.0
0.4
0.8
Fig. 11. Total energy with different l.
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Fig. 12. Comparison between FER/Impact and ANSYS: total energy (l = 0.4).
Z.-Q. Feng et al. / International Journal of Solids and Structures 47 (2010) 2215–2222 2221The Newmark integration parameters are chosen as a = 0.25 and
b = 0.5. These values correspond to the trapezoidal rule which is
commonly used in elasto-dynamics applications.
The evolution of the total energy obtained by FER/Impact and
ANSYS is plotted in Fig. 12. It is observed that the Newmark meth-
od is less stable than the present ﬁrst order time-integration meth-od. These results show once again the robustness, stability and
efﬁciency of the proposed method.7. Conclusion
In this work, the Gent hyperelastic law has been numerically
implemented in the context of impact loading with friction. The
proposed algorithm allows to simulate the behavior of Gent mate-
2222 Z.-Q. Feng et al. / International Journal of Solids and Structures 47 (2010) 2215–2222rials under impact loading in a numerically stable and energy con-
serving way. The numerical experiments performed indicate that:
	 The total energy is well conserved in the case of frictionless
impact;
	 The physical energy dissipation due to friction is quantitatively
determined;
	 The dissipated energy is not proportional to the friction
coefﬁcient;
	 The tumbling behavior is numerically recovered.
A comparison between our developed code FER/Impact and the
general-purpose ﬁnite element code ANSYS shows the simplicity,
robustness, accuracy and stability of the proposed approach. The
algorithm presented in this paper can be extended to deal with
more complex frictional models such as orthotropic friction laws
with non-associated ﬂow rules (Zhang et al., 2004; Feng et al.,
2006). This work is being undertaken.
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